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In this talk we will speak about special class of groups with the
minimal condition for centralizers.

Since CG (X ) < CG (Y ) ⇐⇒ CG (CG (X )) > CG (CG (Y )),
minimal and maximal conditions for centralizers are equivalent.

Thus, the length of every chain of nested centralizers in a group
with the minimal condition on centralizers is finite.



We use the following terminology for groups that have a uniform
bound for the length of chains of centralizers.

Definition. The c-dimension of a group G is the maximum
length of a nested chain of centralizers of subsets in G .
(A. Myasnikov and P. Shumyatsky, Discriminating groups and
c-dimension, J. Group Theory, 7 (2004), 135–142)



Our work was inspired by the paper of E.I. Khukhro “On solubility
of groups with bonded centralizer chains” (Glasgow Math. J., 51
(2009), 49–54).

One of the main results of this paper is the following statement.

Theorem. If a periodic locally soluble group G has finite
c-dimension k , then
(a) G is soluble of k-bounded derived length;
(b) the quotient G/F (G ) by the Hirsch–Plotkin radical has
k-bounded rank; and therefore
(c) the quotient G/F2(G ) by the second Hirsch–Plotkin subgroup
has an abelian subgroup of finite k-bounded index.



In the same paper the following conjecture was presented.

Conjecture (A. Borovik). Let G be a locally finite group of
finite c-dimension k . Let S be the full inverse image of the
generalized Fitting subgroup F ∗(G/F (G )). Then
(1) the number of non-abelian simple composition factors of G is
finite and k-bounded;
(2) G/S has an abelian subgroup of finite k-bounded index.

Recall that generalized Fitting subgroup is equal to the product of
Fitting subgroup and all the quasi-simple subnormal subgroups.



Theorem 1 (Buturlakin, Vasil’ev, 2013). Let G be a locally finite
group of finite c-dimension k . Then the number of nonabelian
composition factors of G is less than 5k .

Thus, the first statement of the conjecture holds.

It is known that every non-abelian locally finite simple group
contains a non-soluble finite group. Thus, the general statement
can be derived from the corresponding statement for finite groups.



Denote by S(G ) the soluble radical of G .

Theorem 2. Let G be a finite group of c-dimension k . Put
G = G/S(G ). The group G/Soc(G ) contains an abelian subgroup
of k-bounded index.



The second statement of Borovik’s conjecture is false.

Let p and r be odd primes such that r divides p − 1.

Let Rr be the extra special group of order r3 and exponent r .

Let Ar be a subgroup of AutRr isomorphic to Sp2(r).

Let Xr be the natural semidirect product Rr o Ar .

It is well known that Xr has faithful representation of degree r over
a field of order p. Denote the corresponding module by Vr .

Put Gr = Vr o Xr .



Lemma 1.
(1) F (Gr ) = Vr ;
(2) S(Gr ) = F2(Gr ) = VrRr ;
(3) F (Xr ) = F ∗(Xr ) = Rr ;
(4) Gr/S(Gr ) ∼= Ar

∼= Sp2(r).

Denote the maximal length of chain of nested subgroups of a
group G by l(G ).

Lemma 2. Let G be a group and V be a normal abelian subgroup
of G . Then the c-dimension of G is at most 2l(G/V ).

This bound is sharp.



The idea is to bound the length of nested subgroups in
Gr/Vr

∼= Xr = r1+2 o Sp2(r).

Ω(n) is the total number of prime factors of n, counting prime
factors with multiplicity.

Obviously, l(G ) 6 Ω(|G |).

We have Ω(Xr ) = 3 + Ω(Sp2(r)) = 3 + Ω(r2 − 1).



K. Alladi, R. Solomon, A. Turull, Finite Simple Groups of Bounded
Subgroup Chain Length, Journal of Algebra, V. 231 (2000),
374–386.

Theorem C. For each positive integer n, there exist an infinite set
P of primes and a positive integer N such that Ω(rn − 1) = N for
all r ∈ P .

Corollary D. There exist an infinite number of non-isomorphic
finite non-abelian simple groups S such that l(S) 6 20. More
precisely, there exist infinitely many primes r such that
l(PSL2(r)) 6 20.

There exist infinitely many primes r such that l(Sp2(r)) 6 21.



There exist infinitely many primes r such that l(Xr ) 6 24.

By Lemma 2 the number of r for which cdim(Gr ) 6 48 is infinite.

The order of G/F (G ) be F ∗(G/F (G )) is isomorphic to Sp2(r).

Lemma 3. If a finite group G contains an abelian subgroup of
index m then G contains a characteristic abelian subgroup of index
at most m2.



Theorem 3. There exists an infinite set G of finite groups such
their c-dimensions are uniformly bounded while the minimums of
indices of abelian subgroups in the factor group of G/F (G ) by
F ∗(G/F (G )) for G ∈ G are unbounded.



For a finite group G , define Fi (G ) inductively: F1(G ) = F (G ),
Fi (G ) for i > 2 is the full preimage of F (G/Fi−1(G )) in G .

Denote by E (G ) the layer of G , that is the subgroup generated by
all subnormal quasi-simple subgroups.

Theorem 4. Let G be a finite group of finite c-dimension k . Put
G = G/F3(G ). The group G/E (G ) contains an abelian subgroup
of k-bounded index.



Question 1. Let G be a finite group of finite c-dimension k . Put
G = G/F3(G ). Does the group G/F ∗(G ) contain an abelian
subgroup of k-bounded index?

Question 2. What about locally finite groups?


